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A perturbative analytic operator solution of a completely quantum mechanical Hamiltonian of multi-photon
pump non-degenerate hyper-Raman process is obtained. It is shown that the obtained solution is general in
nature as the solutions of non-degenerate hyper-Raman and stimulated Raman processes can be obtained as
special cases of the present solution. The analytic solutions obtained here are used to investigate the nonclassical
properties of the different modes in the stimulated, spontaneous and partially spontaneous multi-photon pump
non-degenerate hyper-Raman processes. The nonclassical nature of these processes is witnessed by means of
single mode and intermodal quadrature squeezing, intermodal entanglement of different orders, lower order
and higher order photon antibunching. Interestingly, manifesting the multiphoton nature of the pump modes, a
bunch of nonclassicality involving them are observed due to self-interaction of various pump modes.
I. INTRODUCTION
Applications of nonclassical states can only manifest the
true power of quantum mechanics. This is so because the
working of any technology that does not use nonclassical
state(s) can be understood/explained classically (i.e., with-
out using quantum mechanics). Recently, many applications
of nonclassical states manifesting the power of quantum me-
chanics have been reported. Specifically, squeezed vacuum
state has been used in the detection of gravitational wave
[1, 2] at the Laser Interferometer Gravitational-Wave Ob-
servatory (LIGO). Further, with the recent progresses in the
field of quantum computation and communication, the im-
portance and necessity of nonclassical states have been es-
tablished strongly established. For example, it has been es-
tablished that the entangled states are essential for the im-
plementation of a set of schemes for quantum cryptography
[3–5], quantum teleportation [6], dense-coding [7]; Bell non-
local states are required for device independent quantum key
distribution (DI-QKD) [8]; squeezed states are useful for con-
tinuous variable quantum cryptography [9] and antibunched
states are useful in building single photon sources [10, 11].
These interesting applications of nonclassical states have mo-
tivated many groups to investigate the possibilities of gener-
ating nonclassical states using frequent and important physi-
cal processes. One such important physical process is Raman
process, which has several variants (e.g., spontaneous Raman
scattering, stimulated Raman scattering, degenerate and non-
degenerate hyper-Raman scattering, coherent anti-Stokes Ra-
man scattering, coherent anti-Stokes hyper-Raman scattering)
and clubbing them together we refer to them as Raman pro-
cesses. Among these Raman processes non-degenerate hyper-
Raman process is most general in nature as the Hamiltoni-
ans of spontaneous and stimulated Raman scattering and non-
degenerate hyper-Raman process (in the simplest case which
can be viewed as a 3 photon analogue of stimulated Raman
scattering [12]) can be obtained as limiting cases of it. Non-
classicality in spontaneous and stimulated Raman scattering
(see [13–16] and references therein, Section 10.4 of [17] and
[18] for reviews) and non-degenerate hyper-Raman processes
[12, 19–21] has already been studied in detail. However, non-
degenerate hyper-Raman process has not yet been investigated
rigorously because of its inherent mathematical complexity
and the potential difficulties associated with the experimental
realization of this process. This is what motivated us to inves-
tigate the possibilities of observing nonclassical effects in the
non-degenerate hyper-Raman process.
We were further motivated by the fact that in Ref. [22],
Olivík and Perˇina noted that higher order non-linearity present
in the hyper-Raman process may lead to more significant
nonclassical effects compared to the standard Raman process
(at least in the context of the statistical properties of radia-
tion fields and quadrature squeezing). In fact, hyper-Raman
scattering represents a very interesting nonlinear optical pro-
cess as it allows self-interaction of the pump modes and thus
leads to the generation of different types of nonclassicality.
Specifically, the presence of antibunched, sub-Poissonian and
squeezed light in the degenerate hyper-Raman processes has
already been reported in the past [12, 19–21]. However, only
antibunching in the photon and phonon modes of its non-
degenerate counterpart have been reported until now [23].
The fact that the limiting cases of the non-degenerate hyper-
Raman process have found application in various spheres of
modern science has also motivated us to perform the present
study. To be precise, quantum repeater [24, 25] has been
built using the spontaneous Raman process; stimulated Ra-
man scattering has been used to design devices for laser cool-
ing of solids [26], highly sensitive label-free biomedical imag-
ing [27], imaging of a degenerate Bose-Einstein gas [28] and
to design a quantum random number generator (QRNG) [29]
which is a true random number generator having no classical
analogue. The multi-photon processes, such as hyper-Raman
processes, may reveal many-body correlation functions and
thus useful information regarding the nonlinear medium (see
[30] for a review). A set of possibilities for experimentally ob-
serving these processes have been discussed since long [31].
One such possibility was reported in Ref. [32], where the out-
put of a hyper-Raman spectrometer was illustrated and ana-
lyzed. Theoretical proposals for studying hyper-Raman spec-
troscopy are still of prime interest [33, 34]. Specifically, these
2multi-photon processes possess a particular experimental ad-
vantage as their signals are spectrally well separated from the
input laser [34]. It is also shown in the past that due to specific
selection rules involved in these processes they can reveal in-
formation not accessible by Raman and infrared spectroscopy
[34]. Further, nanosensors based on the surface-enhanced
hyper-Raman processes enable measurement of wide range
of pH circumventing use of multiple probes [35]. Also, due
to wide applications of the hyper-Raman processes and other
nonlinear optical phenomena in quantum information process-
ing tasks, its analogues with single atoms and virtual photons
are also proposed [36]. In addition, with the recent growth
in the experimental facilities a set of experimental results us-
ing hyper-Raman scattering has been presented [35, 37]. A
brief review of numerous applications and the future scopes
of hyper-Raman processes may be found in [38].
Motivated by the above, to investigate the possibilities
of observing nonclassical features in non-degenerate hyper-
Raman process (illustrated in Figure 1), a completely quantum
mechanical description of the system is used here to construct
a Hamiltonian of the system. To obtain a closed analytic ex-
pression for the time evolution of each mode involved here,
we have used Sen-Mandal perturbative technique ([15, 39–
41] and references therein), which is known to be a supe-
rior method compared to the corresponding short-time tech-
nique [17, 20, 42]. Further, we have established the gen-
eral nature of the obtained solution by obtaining the exist-
ing Sen-Mandal solutions of Raman and degenerate hyper-
Raman processes [12–16], (as limiting cases of the solution
obtained here) which were already reduced to corresponding
short-time solutions in the past [17, 20, 42]. Subsequently, the
obtained time evolution of all the photon and phonon modes
has allowed us to use a finite set of moments-based criteria
[43] to establish the highly nonclassical behavior of the hyper-
Raman processes. Specifically, the model (Hamiltonian) used
here is capable of dealing with the stimulated, spontaneous
and partially spontaneous non-degenerate hyper-Raman pro-
cess considering some or all the modes as stimulated. In all
these cases, we have analyzed the possibilities of generating
lower and higher order single mode nonclassicality. Specifi-
cally, in what follows, we would investigate the possibilities
of observing single mode antibunched and squeezed states,
and compoundmode nonclassicality as intermodal squeezing,
antibunching and entanglement. Further, feasibility of higher
order entanglement in the hyper-Raman processes is exam-
ined.
The remaining part of the paper is organized as follows.
The model Hamiltonian for the non-degenerate hyper-Raman
process and its solution is reported in Section II. A list of cri-
teria to be used for the study of the nonclassical properties of
the non-degenerate hyper-Raman process are given in Section
III. In Section IV, we summarize our results illustrating the
presence and evolution of various types of nonclassicality and
discuss the obtained results in detail before finally concluding
the paper in Section V.
II. THE MODEL HAMILTONIAN AND ITS SOLUTION
The most general Hamiltonian of the hyper-Raman pro-
cesses is
H =
∑k
i=1 ωia
†
iai + ωbb
†b+ ωcc†c+ ωdd†d
−
(
g
∏k
i=1 aib
†c† + χ∗
∏k
i=1 aicd
† + h.c.
)
,
(1)
where ai is the annihilation operator for ith laser (pump)
mode, b, c, and d are the annihilation operators correspond-
ing to Stokes, phonon (vibration) and anti-Stokes modes, re-
spectively. The Hamiltonian given in Eq. (1) corresponds to
k-pump modes in the non-degenerate hyper-Raman process
(shown in Figure 1). It is straightforward to obtain the Hamil-
tonian corresponding to Raman or k-pump degenerate hyper-
Raman process just by considering k = 1 or ωi = ωp, respec-
tively.
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Figure 1. (Color online) The schematic energy diagram for multi-
photon non-degenerate hyper-Raman processes. Here, we have
shown k pump (ai) , Stokes (b) , vibrational (phonon) (c) , and anti-
Stokes (d) modes.
Specifically, if we choose a1 = a2 (i.e., ω1 = ω2) for k = 2
then we would obtain the Hamiltonian of degenerate hyper-
Raman process which is already studied in a reasonably de-
tailed manner in Ref. [12]. Apart from this, 2-pump mode
non-degenerate hyper-Raman process was discussed in Ref.
[44]. The present Hamiltonian can be viewed as a generaliza-
tion of this case to multi-mode pump non-degenerate hyper-
Raman process. However, nonclassical properties of multi-
mode pump non-degenerate Hamiltonian is not studied in that
detail. This is why we are interested in the operator solu-
tion of the Hamiltonian of non-degeneratemulti-photon pump
hyper-Raman process. To obtain the solution, first we write
the Heisenberg’s equations of motion for different modes as
a˙j = −iωjaj +
∏k
i=1:i6=j
(
ig∗a†i bc+ iχa
†
ic
†d
)
,
b˙ = −iωbb+ ig
∏k
i=1 aic
†,
c˙ = −iωcc+
∏k
i=1
(
igaib
† + iχa†id
)
,
d˙ = −iωdd+ iχ
∗∏k
i=1 aic,
(2)
for which we derive the solution, using Sen-Mandal perturba-
tive ([15, 39–41] and references therein) approach, as
3aj(t) =
∏k
i=1:i6=j
(
f1jaj(0) + f2ja
†
i (0)b(0)c(0) + f3ja
†
i (0)c
†(0)d(0)
+ f4jaj(0)Alb
†(0)b(0)c†(0)c(0) + f5ja
†
i (0)ai(0)aj(0)b(0)b
†(0)
+ f6ja
†
i (0)ai(0)aj(0)c
†(0)c(0) + f7jaj(0)Alb(0)c
2(0)d†(0)
+ f8ja
†
j(0)a
†2
i (0)b(0)d(0) + f9jaj(0)Alb
†(0)c†2(0)d(0)
+ f10jaj(0)a
†
i (0)ai(0)d
†(0)d(0) + f11jaj(0)Alc(0)c
†(0)d†(0)d(0)
+ f12ja
†
i (0)ai(0)aj(0)c
†(0)c(0)
)
,
b(t) =
∏k
i=1
(
g1b(0) + g2ai(0)c
†(0) + g3a2i (0)d
†(0) + g4a
†
i (0)ai(0)b(0)
+ g5Alb(0)c
†(0)c(0) + g6Alc†2(0)d(0)
)
,
c(t) =
∏k
i=1
(
h1c(0) + h2ai(0)b
†(0) + h3a
†
i (0)d(0) + h4a
†
i (0)ai(0)c(0)
+ h5Alb
†(0)b(0)c(0) + h6Alb†(0)c†(0)d(0) + h7Alc(0)d†(0)d(0)
+ h8a
†
i (0)ai(0)c(0)
)
,
d(t) =
∏k
i=1
(
l1d(0) + l2ai(0)c(0) + l3a
2
i (0)b
†(0) + l4Alb(0)c2(0)
+ l5Alc
†(0)c(0)d(0) + l6ai(0)a
†
i (0)d(0)
)
,
(3)
where Al =
∏
i
(
ai(0)a
†
i (0)− a
†
i (0)ai(0)
)
(which
gives us l = 2k − 1 terms in k pump mode case).
For example, for 2-pump non-degenerate hyper-
Raman process, we obtain l = 3 terms as follows,
A3 =
({
a
†
1(0)a1(0) + 1
}{
a
†
2(0)a2(0) + 1
}
−
a
†
1(0)a1(0)a
†
2(0)a2(0)
)
=(
a
†
1(0)a1(0) + a
†
2(0)a2(0) + 1
)
. Further, various terms
in Eq. (3) are given as Eqs. (A.1)-(A.4) in Appendix A. The
details of obtaining the Sen-Mandal perturbative solution
are given in Appendix B. Here, it is also worth mentioning
that we have neglected all the terms higher than quadratic
in coupling constants χ and g while obtaining the present
solution.
The most general nature of the Hamiltonian describing the
hyper-Raman processes used here has already been estab-
lished. On top of that, the obtained solution is also quite gen-
eral in nature and it is imperative to mention here that all the
existing solutions of various Raman [13–16] and degenerate-
hyper-Raman [12] processes can be obtained as the limiting
cases of the present solution. It is also relevant to mention here
that the solution obtained in [15], which is a limiting case of
the present solution, has already been shown to be reducible
to the short-time solution reported till then [17, 20, 42]. It is
also important to note here that in some of our recent works,
it has been established that the Sen-Mandal perturbative solu-
tions are more general than the corresponding short-time so-
lutions for the same systems ([12–16, 39–41] and references
therein). To reduce our general solution to the solution for
degenerate hyper-Raman process reported in [12] we need to
consider k = 2, with a1 = a2 = a, and ω1 = ω2 = ωa (as the
process is degenerate), and χ and g to be real (as χ and g were
considered as real in Ref. [12]). The coupling constants χ and
g were treated as real in the case of Raman process, too [15],
but to be consistent with the convention used in Ref. [15] and
to reduce the solution reported here to the solution reported
in [15], we would require to replace g by −g. Specifically,
Multi-photon pump
hyper-Raman case
Degenerate
hyper-Raman case
[12]
Raman case [15]
f1i f
′
1 f
′′
1
f2i f
′
2 f
′′
2
f3i f
′
3 f
′′
3
f4i f
′
7
f5i f
′
9 f
′′
5
f6i f
′
8 f
′′
6
f7i f
′
4
f8i f
′
6 f
′′
4
f9i f
′
5
f10i f
′
11 f
′′
8
f11i f
′
10
f12i f
′
12 f
′′
7
Table I. The present solution is general in nature, and the existing
solutions for Raman and degenerate hyper-Raman processes can be
obtained as special cases of the present solution for the functions in
the evolution of pump modes. Here, we have used a (two) prime(s) in
the superscript of the functions fis to distinguish the present solution
from the degenerate hyper-Raman (Raman) process.
the solution used in [13–16, 45, 46] can be reproduced us-
ing k = 1, ω1 = ωa in the present solution. The relation
among various time dependent functional coefficients in the
evolution of the pump mode in the present case and previous
results [12–16, 45, 46] is summarized in Table I. A similar
correspondence among the functions for the remaining modes
is mentioned explicitly in Table B.I (see Appendix B).
III. CRITERIA OF NONCLASSICALITIES
Once we have the closed form analytic expressions for the
evolution of various field and phonon modes involved in the
process (given in Eq. (3)), we can test the nonclassical proper-
4ties of the process using various moments-based criteria (such
as listed in [43]), which are essentially the expectation values
of annihilation and creation operators of the modes under con-
sideration. Although an infinite set of moment-based criteria
would be essential to form a necessary criterion of nonclassi-
cality that would be equivalent to P -function [47], here, we
only use a small subset of this infinite set, which is therefore
only sufficient. However, this small set of noncassicality crite-
ria is found to be good enough to establish the highly nonclas-
sical character of the non-degenarate hyper-Raman process.
In this section, we enlist the set of criteria that is used in the
present work to analyze the presence of lower and higher order
nonclassicality. With the advent of sophisticated experimen-
tal techniques, some exciting experimental results involving a
few of these moments-based higher order nonclassicality cri-
teria have been reported in the recent past [48–51]. More re-
cently, experimental detection of higher order nonclassicality
up to ninth order has also been reported [52]. Further, in Sec-
tion I, we have already mentioned several recent applications
of nonclassical states and Raman processes. Because of the
above mentioned facts, in what follows, we are interested in
analyzing the nonclassical properties of the process with spe-
cific attention to squeezed, antibunched and entangled states.
A. Lower and higher order squeezing
In order to study the squeezing effects in the various modes,
we define the quadrature operators
Xa =
1
2
(
a(t) + a†(t)
)
,
Ya = −
i
2
(
a(t)− a†(t)
)
,
(4)
where a (a
†
) is the annihilation (creation) operator for a spe-
cific bosonic mode, and it satisfies [a, a†] = 1. Squeezing in
mode a is possible if the fluctuation in one of the quadrature
operators goes below the minimum uncertainty level, i.e., if
(∆Xa)
2
<
1
4
or (∆Ya)
2
<
1
4
. (5)
Similarly, we may study intermodal squeezing in the com-
pound mode ab using the following quadrature operator for
the compound mode introduced by Loudon and Knight [53]:
Xab =
1
2
√
2
(
a(t) + a†(t) + b(t) + b†(t)
)
Yab = −
i
2
√
2
(
a(t)− a†(t) + b(t)− b†(t)
)
.
(6)
Usually, the higher order counterpart of squeezing is stud-
ied using two different criteria, proposed by Hong andMandel
[54, 55] and Hillery [56], independently. Hong-Mandel-type
squeezing takes into consideration the higher order moments
of usual quadrature defined in Eq. (4), while Hillery’s squeez-
ing criterion deals with amplitude powered quadratures. Here,
we have focused only on the latter type. For which, the am-
plitude powered quadratures are defined as
Y1,a =
an +
(
a†
)n
2
(7)
and
Y2,a = i
((
a†
)n
− an
2
)
. (8)
As the quadratures fail to commute, we can obtain a criterion
for amplitude powered squeezing from the uncertainty princi-
ple as
Ai,a = (∆Yi,a)
2
−
1
2
|〈[Y1,a, Y2,a]〉| < 0 (9)
for each quadrature i ∈ {1, 2}, where [A,B] = AB − BA is
the commutator, and [Y1,a, Y2,a] 6= 0∀n.
B. Lower and higher order antibunching
Higher order antibunching criterion was introduced by Lee
[57]. With time, several variants of this criterion, which are
essentially equivalent, have been proposed. One such criterion
was proposed by Pathak and Garcia [58] as
Da(n− 1) =
〈
a†nan
〉
−
〈
a†a
〉n
< 0. (10)
Importantly, for n = 2, it reduces to lower order antibunching,
while for all n ≥ 3 we obtain the higher order counterpart.
Therefore, here we have calculated and reported (n− 1)th or-
der antibunching and also inferred corresponding lower order
results from it.
Similarly, in order to study the intermodal antibunching,
one can use the solution reported here and the following crite-
rion
Dab = (∆Nab)
2 =
〈
a†b†ba
〉
−
〈
a†a
〉 〈
b†b
〉
< 0. (11)
C. Lower and higher order entanglement
Along the same line, two higher order entanglement criteria
were proposed by Hillery and Zubairy [59, 60] as inseparabil-
ity criteria. It may be noted that each of these criteria are
sufficient but not necessary and thus the entanglement (non-
classical nature) not detected by a particular criterion may be
detected by the other one, and in some situations both of them
may fail to detect entanglement. A quantum state can be veri-
fied to be entangled using Hillery-Zubairy’s HZ-I criterion
E
m,n
ab =
〈(
a†
)m
am
(
b†
)n
bn
〉
−
∣∣∣〈am (b†)n〉∣∣∣2 < 0 (12)
or Hillery-Zubairy’s HZ-II criterion
E
′m,n
ab =
〈(
a†
)m
am
〉〈(
b†
)n
bn
〉
− |〈ambn〉|
2
< 0. (13)
An arbitrary quantum state is higher order entangled if it sat-
isfies HZ-I and/or HZ-II criteria form+ n ≥ 3. Importantly,
the lower order entanglement can also be verified from Eqs.
(12) and (13), by consideringm = n = 1.
5IV. NONCLASSICALITY OBSERVED
All the nonclassicality criteria listed in Eqs. (5)-(13) con-
tain average values of functions of time evolved annihilation
and creation operators given in Eq. (3). To calculate the aver-
age values, we have to consider an initial state of the system.
Without any loss of generality, the initial state is chosen to be
a product state of coherent states in each mode
|ψ(0)〉 = |αi〉 ⊗ |β〉 ⊗ |γ〉 ⊗ |δ〉, (14)
where |αi〉 = |α1〉 ⊗ |α2〉 ⊗ · · · |αi〉 · · · ⊗ |αk〉 is the initial
state of the pump modes in the product state of k coherent
states.
Further, we have considered a detuning of
∣∣∣∆ω1g
∣∣∣ = 10
and
∣∣∣∆ω2g ∣∣∣ = 19 in Stokes and anti-Stokes hyper-Raman pro-
cesses, respectively. In the stimulated case, we have con-
sidered non-zero photon number initially in each mode, i.e.,
|β| = 8, |γ| = 0.01, and |δ| = 1, while all these values are
initially zero in the spontaneous case. Additionally, we have
considered |αi| = 10 for all the pump modes, unless stated
otherwise, in both the stimulated and spontaneous cases.
A. Lower and higher order squeezing
Using Eqs. (3) and (14) in criterion of squeezing (5), we
have obtained the closed form analytic expressions for the wit-
nesses of squeezing in all the modes involved. Specifically,
the witnesses for the single mode squeezing in an arbitrary
pump mode is calculated to be
[ (
∆Xaj
)2(
∆Yaj
)2
]
= 14
[
1 + 2 |f2|
2
σl |β|
2
|γ|
2
+ 2 |f3|
2
|δ|
2
×
(
|αi|
2
+ σl
(
|γ|
2
+ 1
))
+ 2 {f∗2 f3σl
× β∗γ∗2δ ∓ f21 g
∗
3g1α
∗2
i βδ + c.c.
}]
,
(15a)
while the witnesses of squeezing in Stokes and vibration
(phonon) modes are obtained as
[
(∆Xb)
2
(∆Yb)
2
]
= 14
[
1 + 2 |g2|
2 |αi|
2
]
(15b)
and
[
(∆Xc)
2
(∆Yc)
2
]
= 14
[
1 + 2 |h2|
2
|αi|
2
+ 2 |h3|
2
σl |δ|
2
±
{
2h21g
∗
1g6σlβ
∗δ + c.c.
}]
,
(15c)
respectively. Using the obtained Sen-Mandal perturbative so-
lution, squeezing in anti-Stokes mode was not observed, i.e.,[
(∆Xd)
2
(∆Yd)
2
]
= 14 . (15d)
Here, and in what follows we have used σl = 〈Al〉. In Eq.
(15b), we can observe a positive quantity is added to 14 , there-
fore, none of these quadratures can show variance less than
1
4 , and consequently, squeezing cannot be observed in these
quadratures. However, unlike Stokes and anti-Stokes modes,
the compact expressions for squeezing in all the remaining
modes are complex enough to infer directly from them. To an-
alyze the dependence of squeezing in all these modes on var-
ious parameters we performed a rigorous numerical analysis
of the obtained expressions. To do so, we have used
∑
i
ωi
g
=
1000.0001× 105, ωb
g
= 999.999× 105, ωc
g
= 0.001× 105,
and ωd
g
= 1000.00091×105. In 2-pumpmode non-degenerate
hyper-Raman processes, ω1
g
= 600.0001 × 105 and ω2
g
=
400 × 105; while in 3-pump mode non-degenerate hyper-
Raman processes, ω1
g
= 100.0001 × 105, ω2
g
= 700 × 105
and ω3
g
= 200× 105. Further, for the sake of simplicity, in the
following discussion we have subtracted 14 from both sides of
all the expressions of squeezing. This helps us to plot the vari-
ation of squeezing parameter in a manner consistent with the
remaining illustrations where the negative regions of the plots
depict nonclassicality.
The study revealed that squeezing in the stimulated case
of non-degenerate k-pump hyper-Raman process is observed
only in the pump mode, which is shown to vary with various
parameters. Thus, in turn, these parameters can be used to
control the amount of squeezing. Specifically, witnesses of
squeezing are found to be independent of the phases of differ-
ent pump modes. However, the amount of squeezing is found
to depend on the frequency of the pump modes. This fact
can be established from Figure 2 (a)-(c), where we can ob-
serve different amount of squeezing for each mode with dif-
ferent frequency, which becomes the same in the degenerate
case. Further, different natures of squeezing for degenerate
and non-degenerate cases have been observed (cf. Figure 2 (a)
and (d)). This point is also established in context of the spon-
taneous case in Figure 8 (d) discussed later. Additionally, the
amount of squeezing in a particular pump mode can also be
controlled by the intensity of one of the other pumpmodes (cf.
Figure 2 (a) and (b)). Note that we have shown the variation
in quadrature squeezing for relatively smaller time domain to
establish its dependence on various independent parameters.
Only due to this reason, the amount of squeezing appears to
be very small (in the order of 10−12 in Figure 2 (a)). However,
we observed relatively higher amount of squeezing for a larger
rescaled time as shown in inset in Figure 2 (a) in case of Xa1
quadrature. Similar highly oscillating nature is also observed
in all other cases of single mode and intermodal squeezing,
too, but being repetitive, such illustrations are not included in
the subsequent plots.
Similarly, intermodal squeezing in the compound two-
mode cases can be studied using Loudon and Knight’s crite-
rion given in Eq. (6) with Eqs. (3) and (14). We are reporting
here the analytic expressions of two-mode squeezing for com-
pound pump-pump mode as
6Figure 2. (Color online) Squeezing in jth pump mode. Squeezing in both modes of the 2-pump modes non-degenerate stimulated hyper-
Raman processes with (a) |α1| = |α2| = 10, and (b) |α1| = 10, |α2| = 12. (c) Squeezing in all three modes of the 3-pump modes
non-degenerate hyper-Raman processes with |α1| = |α2| = |α3| = 10. (d) Squeezing in degenerate hyper-Raman processes for the cases
with 2 and 3-pump modes is compared. Here, we have amplified the variation in the case of 2-pump modes 30 times to show it with the
squeezing in 3-pump modes. In all the cases, the solid-blue, dot-dashed-magenta, and dotted-black lines represent the quadrature
(
∆Xaj
)
2
;
and dashed-red, purple-large-dot-dashed, and orange-double-dotted-dashed lines correspond to the quadrature
(
∆Yaj
)
2
.
[ (
∆Xajar
)2(
∆Yajar
)2
]
= 14
[
2
([ (
∆Xaj
)2(
∆Yaj
)2
]
+
[
(∆Xar)
2
(∆Yar )
2
])
+
{
f2r
∗
2 |β|
2 |γ|2 αjα
∗
rσl + f3r
∗
2αjα
∗
rσlβ
∗γ∗2δ
+ f2r
∗
3αjα
∗
rσlβγ
2δ∗ ±
{
f1r2α
∗
i βγ + f1r3α
∗
i β
∗δ + f1r4 |β|
2
|γ|
2
αjαrσl + f1r5 |αi|
2
(
|β|
2
+ 1
)
αjαr
+ (f1r6 + f1r12) |αi|
2
|γ|
2
αjαr + f1r10
(
|αi|
2
+ σl
(
|γ|
2
+ 1
))
|δ|
2
αjαr + f1r7αjαrσlβγ
2δ∗
+ (2f1r8 + f2r3)α
∗
jα
∗
rα
∗2
i βδ + f1r9αjαrσlβ
∗γ∗2δ
}
+ f3r
∗
3
(
|αi|
2
+ σl
(
|γ|
2
+ 1
))
|δ|
2
αjα
∗
r + c.c.
}]
,
(16a)
which is applicable to any arbitrary pump modes aj and ar. Compound pump-Stokes, pump-vibration, and pump-anti-Stokes
modes squeezing are obtained as[ (
∆Xajb
)2(
∆Yajb
)2
]
= 14
[
2
([ (
∆Xaj
)2(
∆Yaj
)2
]
+
[
(∆Xb)
2
(∆Yb)
2
])
+
{
f3g
∗
2α
∗
jα
∗2
i δ ∓ f4g1 |αi|
2
αjβ ∓ f1g4 |γ|
2
σlαjβ
± f1g6σlαjγ
∗2δ + c.c.
}]
,
(16b)
[ (
∆Xajc
)2(
∆Yajc
)2
]
= 14
[
2
([ (
∆Xaj
)2(
∆Yaj
)2
]
+
[
(∆Xc)
2
(∆Yc)
2
])
+
{
f2h
∗
3σlαjβγδ
∗ + f3h∗3 |δ|
2
σlαjγ
∗ ± (f1h7 − f4h1) |αi|
2
αjγ
± f1h3α
∗
i δ ± f1h4 |β|
2
σlαjγ ± f1h6σlαjβ
∗γ∗δ ± f1h7 |δ|
2
σlαjγ + c.c.
}]
,
(16c)
7Figure 3. (Color online) Intermodal squeezing is observed in 2-pump modes non-degenerate stimulated hyper-Raman processes in (a) jth
pump-Stokes mode, (b) jth pump-vibration mode, and (c) jth pump-anti-Stokes mode. In all three cases, the solid-blue (dot-dashed-magenta)
and dashed-red (purple-large-dot-dashed) lines correspond to the quadratures
(
∆XajK
)2
and
(
∆YajK
)2
for compound a1K (a2K) mode,
respectively. While in (d), intermodal squeezing in compound ajak mode for 3-pump modes non-degenerate stimulated hyper-Raman pro-
cesses is shown for all three cases, i.e., a1a2 mode shown in solid-blue and dashed-red lines, a2a3 mode shown in dot-dashed-magenta and
purple-large-dot-dashed lines, and a1a3 mode as dotted-black and orange-double-dotted-dashed lines for the quadratures
(
∆Xajar
)
2
and(
∆Yajar
)2
, respectively. In all the cases, |αi| = 10∀i ∈ {1, 2, 3}.
and [ (
∆Xajd
)2(
∆Yajd
)2
]
= 14
[
2
(
1
2 +
[ (
∆Xaj
)2(
∆Yaj
)2
])
+
{
f1l4σlαjβγ
2 ± f1l5αjδ
(
|αi|
2
+ σl
(
|γ|
2
+ 1
))
+ c.c.
}]
, (16d)
respectively. We have also considered two-mode squeezing among Stokes-vibration mode[
(∆Xbc)
2
(∆Ybc)
2
]
= 14
[
2
([
(∆Xb)
2
(∆Yb)
2
]
+
[
(∆Xc)
2
(∆Yc)
2
])
+ {g2h
∗
2σlβγ
∗ ± (g1h2αi + g1h5σlβγ + 2g6h1σlγ∗δ) + c.c.}
]
,
(16e)
Stokes-anti-Stokes mode [
(∆Xbd)
2
(∆Ybd)
2
]
= 14
[
1 + 12
[
(∆Xb)
2
(∆Yb)
2
]
±
{
g1l3α
2
i + c.c.
}]
, (16f)
and vibration-anti-Stokes mode[
(∆Xcd)
2
(∆Ycd)
2
]
= 14
[
1 + 12
[
(∆Xc)
2
(∆Yc)
2
]
± {h1l5σlγδ + c.c.}
]
. (16g)
In all the expressions obtained for two-mode squeezing (i.e., Eqs. (16a)-(16g)), the single mode squeezing witnesses
8Figure 4. (Color online) Amplitude powered squeezing is observed
in a1 pump mode in 2-pump modes non-degenerate hyper-Raman
processes with |α1| = |α2| = 10. The solid-blue and dashed-
red lines, dot-dashed-magenta and purple-large-dot-dashed lines, and
dotted-black and orange-double-dotted-dashed lines correspond to
the amplitude powered quadratures A1,a1 and A1,a2 for k = 1, 2,
and 3, respectively. To accommodate all the variations in the same
plot we have amplified the values for k = 1 and 2 with 104 and 102,
respectively.
(i.e., variance (∆Xi)
2
, and (∆Yi)
2
, with i ∈ a, b, c) that ap-
pear in the right hand sides are to be substituted by the cor-
responding expressions reported for single mode squeezing in
Eqs. (15a)-(15d).
Finally, we analyzed the expressions for the compound
mode squeezing, and variation is shown in Figure 3. Interest-
ingly, intermodal squeezing is observed in all the compound
modes involving pump mode. In the analogy of quadrature
squeezing illustrated in Figure 2, the observed nonclassicality
is shown to depend on the frequency of the pump mode. The
same fact has been established here using non-degenerate 2-
pump and 3-pump hyper-Raman processes, where the amount
of intermodal squeezing are found to be different for various
pump modes.
Hillary’s amplitude powered squeezing for all the modes
involved is calculated using Eqs. (3) and (14) in criterion of
squeezing (9). Specifically, the analytic expression for an ar-
bitrary pump mode is obtained as follows[
A1,aj
A2,aj
]
= 12k
2 |αj |
2(k−1)
[
|f2|
2
σl |β|
2
|γ|
2
+ |f3|
2
|δ|
2
(
|αi|
2
+ σl
(
|γ|
2
+ 1
))
+
{
f∗2 f3σlβ
∗γ∗2δ ∓ f21 g
∗
3g1α
∗2
i βδ + c.c.
}]
.
(17a)
Similar study for Stokes, vibration, and anti-Stokes modes
resulted in[
A1,b
A2,b
]
= 12
[
k2 |g2|
2
|αi|
2
|β|
2(k−1)
]
, (17b)
[
A1,c
A2,c
]
= 12k
2 |γ|
2(k−1)
[(
|h2|
2
|αi|
2
+ |h3|
2
σl |δ|
2
)
±
{
h2k1 g
∗
1g6σlβ
∗δ + c.c.
}]
,
(17c)
and
[
A1,d
A2,d
]
= 0, (17d)
respectively. From the obtained expressions, the presence of
amplitude powered squeezing in the pump mode has been ob-
served. Similar to the quadrature squeezing (shown in Figure
2), the nonclassicality is found to be absent in the remaining
modes. Further, with increase in higher orders of squeezing,
depth of the witness of amplitude powered squeezing is also
observed to increase, which is in accordance with some of our
recent observations ([39, 40, 61] and references therein).
B. Lower and higher order antibunching
Higher order antibunching criterion given in Eq. (10), used
with Eqs. (3) and (14) leads to the closed analytic expressions
for the pump, Stokes, vibration and anti-Stokes modes as
Daj (n− 1) = n (n− 1)
[
|αj |
2(n−1)
(
|f2|
2
|β|
2
|γ|
2
σl
+ |f3|
2 |δ|2
{
|αi|
2 + σl
(
|γ|2 + 1
)})
+ |αj |
2(n−2) {
f∗2 f3σlβ
∗γ∗2δ
− g∗1g3α
2
jα
2
iβ
∗δ∗ + c.c.
}]
,
(18a)
Db(n− 1) = n (n− 1) |g2|
2
|αi|
2
|β|
2(n−1)
, (18b)
Dc(n− 1) = n (n− 1)
[(
|h2|
2
|αi|
2
+ |h3|
2
σl |δ|
2
)
× |γ|
2(n−1)
+
{
g∗6g1 |γ|
2(n−2)
σlβγ
2δ∗
+ c.c.}] ,
(18c)
and
Dd(n) = 0, (18d)
respectively. Using these expressions we have analyzed the
possibilities of observing both lower and higher order anti-
bunching in all the modes except anti-Stokes mode (asDd(n)
is always zero). The presence of lower and higher order anti-
bunching in the pump mode has been observed and shown in
Figure 5 (a). Antibunching is not observed in the other modes,
i.e., in the modes other than the pump modes. It is also impor-
tant to note here that the second-order correlation computed
here for obtaining the signature of antibunching depends on
the number of photons in certain mode while it is independent
of its frequency.
Similarly, intermodal antibunching defined in Eq. (11) can
be calculated for all the possible two-mode cases, i.e., pump-
pump mode
9Figure 5. (Color online) Higher order antibunching and intermodal antibunching in k-pump modes non-degenerate hyper-Raman processes
with (a) The values for lower order antibunching (n = 2) in 2-pump (3-pump) modes non-degenerate hyper-Raman processes is multiplied
by 104 (2 × 102) and higher order antibunching in 2-pump modes non-degenerate hyper-Raman processes is amplified 50 times. Intermodal
antibunching in (b) pump-pump, (c) pump-Stokes, (d) pump-anti-Stokes, (e) vibration-anti-Stokes, and (f) Stokes-anti-Stokes modes for 2-
pump and 3-pump modes non-degenerate hyper-Raman processes. The variation in case of 2-pump modes is amplified 10 times in (b), (c),
and (f), while 100 times in (d) and (e). In all the cases, we have used |αi| = 10.
Dajar = |αj |
2 |αr|
2 |αi|
2
{
− |f2|
2
(
|β|2 + |γ|2 + 1
)
+ |f3|
2
(
3 |δ|2 − |γ|2
)}
+ 3 |αj |
2 |αr|
2
σl
{
|f2|
2
× |β|
2
|γ|
2
+ |f3|
2
|δ|
2
(
|γ|
2
+ 1
)
+
(
f∗2 f3β
∗γ∗2δ + c.c.
)}
+ 2
(
|αi|
2
+ σl
)
+
(
|αj |
2
+ |αr|
2
+ 1
){
|f2|
2
|β|
2
|γ|
2
+ |f3|
2
|δ|
2
(
|γ|
2
+ 1
)
+
(
f∗2 f3β
∗γ∗2δ + c.c.
)}
+ 2 |αj |
2
(
|αi|
2
+ σl
){
|f2|
2
|β|
2
|γ|
2
+ |f3|
2
|δ|
2
(
|γ|
2
+ 1
)
+
(
f∗2 f3β
∗γ∗2δ + c.c.
)}
+ {f∗1 f2
× α∗jα
∗
rα
∗
i βγ +
(
2f∗1 f8 + f
∗2
1 f2f3
)
α∗2j α
∗2
r α
∗2
i βδ + f
∗
1 f3α
∗
jα
∗
rα
∗
i γ
∗δ + c.c.
}
,
(19a)
10
Figure 6. (Color online) The presence of lower and higher order entanglement in two pump modes is shown in (a) using HZ1 and HZ2 criteria.
In (b) and (c), both lower and higher order entanglement between pump and vibration modes is established using HZ1 and HZ2 criteria,
respectively. The lower order entanglement in (a) is amplified 104 times, while higher order entanglement withm = 2, n = 1 (which is same
as for m = 1, n = 2) is amplified 102 times. The dot-dashed-magenta and dotted-black lines in (b) and (c) correspond to the phase angle
φ1 =
π
2
and −π
2
, respectively, in α1 = |α1| exp (iφ1). In (b) and (c), the lower order entanglement is amplified 100 times, whereas in (d),
the lower order entanglement and higher order entanglement with m = 1, n = 2 are amplified by 100 times, respectively. In all the cases,
|αi| = 10 has been used.
pump-Stokes mode
Dajb = − |f2|
2
|αj |
2
|β|
2
(
|αi|
2
+ σl |γ|
2
)
+
{
(f∗1 f9 + g
∗
1g2f
∗
1 f3) |αj |
2
σlβ
∗γ∗2δ + c.c.
}
,
(19b)
pump-vibration mode
Dajc = − |αj |
2
|γ|
2
{
|f2|
2
(
|αi|
2
+ σl |β|
2
)
− |f3|
2
×
(
|αi|
2
+ σl |δ|
2
)}
+ |f3|
2
|δ|
2
(
|αi|
2
+ σl
)
×
(
2 |γ|
2
+ 1
)
+
{
f∗1 f3α
∗
jα
∗
i γ
∗δ
+ h∗2h1f
∗
1 f3α
∗2
j α
∗2
i βδ + f
∗
2 f3
(
|αi|
2
+ σl
)
β∗γ∗2δ
+ (2f∗1 f9 + h
∗
1h2f
∗
1 f3) |αj |
2
σlβ
∗γ∗2δ + c.c.
}
,
(19c)
pump-anti-Stokes mode
Dajd = |f3|
2 |αj |
2 |δ|2
{
|αi|
2 + σl
(
|γ|2 +
(
|δ|2 − 1
))}
+
{
(f∗1 f7 + l
∗
1l2f
∗
1 f2) |αj |
2
σlβγ
2δ∗ + c.c.
}
,
(19d)
Stokes-vibration mode
Dbc = |g2|
2 |αi|
2
(
2 |γ|2 + 1
)
+ {g∗1g2αiβ
∗γ∗
+ g∗1g5 |β|
2
|γ|
2
σl + g
∗
1g6σlβ
∗γ∗2δ
+ h∗2h1g
∗
1g2 |αi|
2
|β|
2
+ h∗3h1g
∗
1g2α
2
iβ
∗δ∗ + c.c.
}
,
(19e)
Stokes-anti-Stokes mode
Dbd =
{
l∗1l3α
2
i β
∗δ∗ + c.c.
}
, (19f)
and vibration-anti-Stokes mode
Dcd = − |l2|
2
|γ|
2
|δ|
2
σl. (19g)
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From the obtained expressions, the presence of intermodal
antibunching in various compound modes is shown in Figure
5. We could detect antibunching in all possible compound
modes except pump-vibration and Stokes-vibration modes. It
is interesting to observe that the depth of nonclassicality wit-
ness increases with the increase in number of pump modes
in hyper-Raman process for the same values of the coupling
constants. On top of that, two arbitrary pump modes are also
found to possess intermodal antibunching as shown in Figure
5 (b).
C. Lower and higher order entanglement
Inseparability of various modes can be analyzed using HZ-I
and HZ-II criteria of entanglement given in Eqs. (12) and (13).
For the two arbitrary pump modes the compact expression is
obtained as follows
(
Em,naj ,ar
E′m,naj ,ar
)
= |f2|
2 |αj |
2(m−1) |αr|
2(n−1)
[
|αi|
2
{
−mn |αj |
2 |αr|
2
(
1 + |β|2 + |γ|2
)
± |β|2 |γ|2
×
(
m2n2 +m2 (2n± 1) |αr|
2
+ n2 (2m± 1) |αj |
2
)}
+
{
m2
(
1 + |αr|
2
)
|αr|
2
+ n2
(
1 + |αj |
2
)
|αj |
2
± mn |αj |
2 |αr|
2
}
σl |β|
2 |γ|2
]
+ |f3|
2 |αj |
2(m−1) |αr|
2(n−1)
[
|αi|
2
{
|δ|2
(
m2
(
1 + |αr|
2
)
|αr|
2
+ n2
(
1 + |αj |
2
)
|αj |
2
+
(
m2 (1± 2n) |αr|
2
+ n2 (1± 2m) |αj |
2
±m2n2
)
|γ|
2
)
±mn |αj |
2
|αr|
2
×
(
|δ|2 − |γ|2
)}
+ σl
(
|γ|2 + 1
)
|δ|2
{
m2 |αr|
2
(
1 + |αr|
2
)
+ n2
(
1 + |αj |
2
)
|αj |
2 ±mn |αj |
2
× |αr|
2
}]
+ Fa± ±mn |αj |
2(m−2)
|αr|
2(n−2) [
f∗2 f1αjαrαiβ
∗γ∗ + f∗3 f1αjαrαiγδ
∗ +
(
f∗22 f
2
1
× α2jα
2
rα
2
iβ
∗2γ∗2 + f∗23 f
2
1α
2
jα
2
rα
2
i γ
2δ∗2
) (
(m− 1) |αr|
2
+ (n− 1) |αj |
2
+ (m−1)(n−1)2
)
+ α2jα
2
rα
2
iβ
∗δ∗
{
f∗8 f1
((
2 |αj |
2
+m− 1
)
|αr|
2
+ (n− 1)
(
|αj |
2
+ m−12
))
+ f21 f
∗
2 f
∗
3
(
|γ|
2
(n− 1)
×
(
2 |αj |
2
+m− 1
)
+ (n− 1)
(
|αj |
2
+ (m−1)2
)
+ 2 (m− 1) |αr|
2
(
2 |γ|
2
+ 1
)
+ |αr|
2
|γ|
2
)}
+ f∗2 f3 |αj |
2 |αr|
2
β∗γ∗2δ
{
|αi|
2
(
n2 (1± 2m) |αj |
2 +m2 (1± 2n) |αr|
2 ±m2n2
)
+ σl
(
n2
(
1 + |αj |
2
)
|αj |
2
+m2
(
1 + |αr|
2
)
|αr|
2
±mn |αj |
2
|αr|
2
)}
+ c.c.
]
,
(20a)
where
Fa+ = mn |αj |
2(m−1)
|αr|
2(n−1)
(
2n |αj |
2
+ 2m |αr|
2
+ mn)
{
|f2|
2
σl + |f3|
2 |δ|2
(
|αi|
2 + σl
(
|γ|2 + 1
))
+
(
f∗2 f3σlβ
∗γ∗2δ + c.c.
)}
and Fa− = 0. While the analytic expression of HZ-I and HZ-
II for pump-Stokes mode is obtained as
(
E
m,n
aj ,b
E
′m,n
aj ,b
)
= |f2|
2 |αj |
2(m−1) |β|2(n−1)
(
n |αj |
2 ∓m |β|2
)
×
(
n |αj |
2
|αi|
2
−mσl |β|
2
|γ|
2
)
+m2 |f3|
2
× |αj |
2(m−1)
|β|
2n
|δ|
2
(
|αi|
2
+ σl
(
|γ|
2
+ 1
))
+ m |αj |
2(m−1) |β|2(n−1) σl
×
{(
mf∗2 f3 |β|
2 ± ng∗1g6 |αj |
2
)
β∗γ∗2δ + c.c.
}
.
(20b)
A similar study for pump-vibration and pump-anti-Stokes
modes are obtained as
(
Em,naj ,c
E′m,naj ,c
)
= |f2|
2
(
n |αj |
2
|αi|
2
−mσl |β|
2
|γ|
2
)
×
(
n |αj |
2
∓m |γ|
2
)
|αj |
2(m−1)
|γ|
2(n−1)
+ |f3|
2
|αj |
2(m−1)
|γ|
2(n−1)
[
|αi|
2
×
{
n2 (1± 2m) |αj |
2 |δ|2 +m2 (1± 2n) |γ|2
× |δ|
2
∓mn |αj |
2
|γ|
2
±m2n2 |δ|
2
}
+
{
n2
(
1 + |αj |
2
)
|αj |
2 +m2
(
1 + |γ|2
)
|γ|2
± mn |αj |
2
|γ|
2
}
σl |δ|
2
]
+ Fc±
± mn |αj |
2(m−2)
|γ|
2(n−2)
[
f∗3 f1 |αj |
2
|γ|
2
× αjαiγδ
∗ + f∗2 f3 |αj |
2 |αi|
2
β∗γ∗2δ
×
{
m |γ|
2
− (n− 1) |αj |
2
}
+ h∗3h2 |γ|
2
α2jα
2
i
× β∗δ∗
{
n |αj |
2
− (m− 1) |γ|
2
}
+ |αj |
2
σl
× β∗γ∗2δ
{
m
n
f∗2 f3 |γ|
4 ± h∗1h6 |αj |
2 |γ|2
± (n− 1) |αj |
2
(f∗1 f9 − f
∗
2 f3)
}
+ c.c.
]
,
(20c)
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Figure 7. (Color online) The presence of lower and higher order entanglement in Stokes-anti-Stokes ((a)-(b)) and Stokes-vibration ((c)-(d))
modes is established using HZ1 ((a) and (c)) and HZ2 ((b) and (d)) criteria. The lower order entanglement in (a) is amplified 100 times, while
higher order entanglement withm = 1, n = 2 is amplified 50 times. The dot-dashed-magenta and dotted-black lines in (b) and (c) correspond
to the phase angle φ1 =
π
2
and −π
2
, respectively, in α1 = |α1| exp (iφ1). In (c), the lower order entanglement is shown after multiplying
with 100, whereas in (d), the lower order entanglement is amplified 10 times and m = 1, n = 2 and m = 2, n = 2 are 105 and 103 times
amplified, respectively. In all the cases, |αi| = 10 has been used.
where
Fc+ = mnσl |αj |
2(m−1)
|γ|
2(n−1)
{(
n |αj |
2
+m |γ|
2
)
× 2 |f3|
2
|δ|
2
+
(
mf∗2 f3β
∗γ∗2δ + c.c.
)}
and Fc− = 0; and(
E
m,n
aj ,d
E
′m,n
aj ,d
)
= m |f3|
2
|αj |
2(m−1)
(
|αi|
2
+ σl
(
|γ|
2
+ 1
))
× |δ|2n
(
m |δ|2 ∓ n |αj |
2
)
+m2 |f2|
2 |αj |
2(m−1)
× |δ|
2n
|β|
2
|γ|
2
σl +m |αj |
2(m−1)
|δ|
2(n−1)
σl
×
{(
mf∗2 f3 |δ|
2
+ nl∗4l1 |αj |
2
)
β∗γ∗2δ + c.c.
}
,
(20d)
respectively.
The analysis of the obtained analytic expressions of en-
tanglement of an arbitrary pump mode with all the remain-
ing modes revealed some interesting results. Specifically, all
the pump modes are found to be entangled with vibration
and anti-Stokes modes as shown in Figure 6 (b), (c) and (d).
Importantly, the bipartite entanglement between a pump and
vibration modes could only be ensured for initial evolution
of the system. However, as the criteria used here are only
sufficient not necessary, the separability of these two modes
can not be deduced. One significant result, which would be
absent in Raman or degenerate hyper-Raman process due to
the existence of single pump mode, is entanglement between
two pump modes (cf. Figure 6 (a)). The present results
establish that two pump modes are always entangled in the
non-degenarate hyper-Raman process. This interesting result
would be in continuation of a set of systems able to produce
always entangled pump modes [39, 40] and bosonic modes
[61].
A similar study for all the modes, except pump
mode, resulted in following compact analytic expressions
for Stokes-vibration, vibration-anti-Stokes, and Stokes-anti-
Stokes modes
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Figure 8. (Color online) The presence of lower and higher order nonclassicality in pump modes in spontaneous case. Intermodal (a) squeezing,
(b) antibunching, and (c) entanglement for compound mode ajar is shown for the same values of the corresponding plots in Figures 2-6 for
stimulated case. It is important to note that the values for HZ1 and HZ2 are obtained to be the same. In (d), squeezing in quadrature Xaj for
2-pump modes stimulated case with the value of frequency
(
ωi
g
)
for aj mode varied between 35× 10
6 and 65× 106 in the steps of 2× 106.
The arrow indicates the variation in quadrature squeezing due to increase in the frequency.
(
E
m,n
b,c
E
′m,n
b,c
)
= |g2|
2
|β|
2(m−1)
|γ|
2(n−1)
{
m2 (1± 2n) |αi|
2
|γ|
2
+ n2 (1± 2m) |αi|
2
|β|
2
± m2n2 |αi|
2 ∓mnσl |β|
2 |γ|2
}
+ n2 |h3|
2
σl |β|
2m |γ|2(n−1) |δ|2
± mn |β|
2(m−2)
|γ|
2(n−2)
[
g∗2g1 |β|
2
|γ|
2
α∗i βγ + nh
∗
3h2 |β|
2
|γ|
2
α2i β
∗δ∗
+ g∗6g1σl |β|
2
βγ2δ∗
(
2 |γ|
2
+ n− 1
)
+ (n− 1)h∗21 h2h3 |αi|
2
|β|
2
β∗γ∗2δ
+ g∗22 g
2
1α
∗2
i β
2γ2
{
1
2 (m− 1) (n− 1) + (n− 1) |β|
2
+ (m− 1) |γ|
2
}
+ c.c.
]
,
(20e)
(
E
m,n
c,d
E
′m,n
c,d
)
= m2 |h2|
2
|αi|
2
|γ|
2(m−1)
|δ|
2n
+ |l2|
2 |γ|2(m−1) |δ|2n σl
[
m2 |δ|2 ∓mn |γ|2
]
,
(20f)
and
(
E
m,n
b,d
E
′m,n
b,d
)
= m2 |g2|
2
|αi|
2
|β|
2(m−1)
|δ|
2n
± mn |β|2(m−1) |δ|2(n−1)
[
l∗1l3α
2
i β
∗δ∗ + c.c.
]
,
(20g)
respectively.
Entanglement between the modes except pump mode is
also a topic of prime interest in some of the recent studies
on Raman or degenerate hyper-Raman process [45, 46]. The
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present results clearly reestablish that the non-separability cri-
teria are only sufficient as one of the criteria (either HZ1 or
HZ2) detects entanglement while the other one fails to detect
entanglement in the same regimes of various parameters (cf.
Figure 7 (a)-(b) or (c)-(d)). The present results show Stokes-
anti-Stokes and Stokes-vibration modes are both lower and
higher order entangled.
Finally, before we conclude the paper it is customary to
check the possibility of nonclassical behavior that can be ob-
served even under the spontaneous condition. The present re-
sults show that intermodal squeezing, antibunching and en-
tanglement between different pump modes can be observed in
the spontaneous case, too (cf. Figure 8). Here, in Figure 8 (d),
we also establish the effect of change in frequency of input
pump beams in spontaneous case, but it should be noted that
a similar nature can be observed in stimulated case as well.
It is also worth noting here that in partial spontaneous case,
when one (or two) of the modes except the pump modes has
non-zero photons initially, all the nonclassicality observed in
the spontaneous case will also survive. On top of that, cer-
tain other nonclassical behaviors may appear. Specifically, for
non-zero photons in the Stokes mode, intermodal squeezing
and antibunching in the pump-Stokes compound mode can
also be observed.
V. CONCLUSION
Here, we have obtained a completely quantum mechani-
cal solution of the most general case of hyper-Raman process,
i.e., with k non-degenerate pump modes. Our endeavor to ob-
tain the Sen-Mandal perturbative solution for this most gen-
eral Hamiltonian, describing the multi-mode non-degenerate
hyper-Raman process, resulted in a solution quite general in
its nature. This general nature of the present Hamiltonian and
corresponding solution insinuated to deduce all the existing
Sen-Mandal and short time solutions for Raman and 2-pump
mode degenerate hyper-Raman processes. This reduction es-
tablishes the wide applicability of the present results for all
the Raman and hyper-Raman processes.
Further, the present study also revealed various interest-
ing results. Specifically, the most significant property of
the present system is more than one non-degenerate pump
modes. Therefore, the nonclassical features reported in an
arbitrary single pump and compound two-pump modes spec-
ify our most significant contribution. The present study re-
vealed that an arbitrary single pump mode shows both lower
and higher order squeezing and antibunching; while the com-
pound pump-pump mode possesses all the nonclassical prop-
erties studied here, i.e., intermodal squeezing, antibunching,
and entanglement.
The pumpmode also shows compoundmode nonclassicali-
ties with Stokes, vibration, anti-Stokes modes as well. Specif-
ically, compound pump-Stokes mode shows both intermodal
squeezing and antibunching; compound pump-vibrationmode
exhibits intermodal squeezing and lower and higher order en-
tanglement; intermodal squeezing antibunching, and lower
and higher order entanglement are present in compound
pump-anti-Stokes mode. Higher order entanglement in terms
of multimode entanglement (as studied in Refs. [39, 40])
is not studied here as it is already shown that due to self-
interaction two arbitrary pump modes are always entangled.
Therefore, it is expected that all the pump modes would form
a k-partite entangled state. In addition, all the nonclassi-
cal properties observed in Raman or degenerate hyper-Raman
processes ([12, 14–17] and references therein) are also found
to be present in the multi-mode non-degenerate hyper-Raman
process. Precisely, the presence of intermodal antibunch-
ing and both lower and higher order entanglement in com-
pound vibration-anti-Stokes and Stokes-anti-Stokes modes
have been established.
Interestingly, most of the nonclassical properties of the
hyper-Raman process under consideration survive even in the
spontaneous case. To be specific, intermodal squeezing, anti-
bunching, and lower and higher order entanglement between
two arbitrary pump modes are observed in the spontaneous
case. Further, squeezing and intermodal squeezing involv-
ing the pump mode are found to depend on the frequency and
number of photons in the pump mode under consideration. It
is also observed to vary with the number of non-degenerate
pump modes. Additionally, intermodal antibunching and en-
tanglement are phase dependent properties and can be con-
trolled by the phases of the pump modes. The nonclassical
behavior of hyper-Raman processes can also be established
with the help of quasidistribution functions [62], which will
be performed in the near future.
We conclude this paper with a hope that the growing ex-
perimental facilities and techniques would lead to experimen-
tal realization of the single mode and intermodal nonclassi-
cal properties observed in the pump and other modes in the
present work.
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APPENDIX A: VARIOUS TERMS IN THE OBTAINED
SOLUTION
The functional form of the coefficients in the evolution of
various field modes given in Eq. (3) is as follows.
f1 = exp (−iωjt) ,
f2 = −
g∗f1
∆ω1
[exp (−i∆ω1t)− 1] ,
f3 =
χf1
∆ω2
[exp (i∆ω2t)− 1] ,
f4 = −f5 = −f6
= − |g|
2f1
∆ω2
1
[exp (−i∆ω1t)− 1]−
i|g|2tf1
∆ω1
,
f7 =
−χ∗g∗f1
∆ω2
[
exp[−i(∆ω1+∆ω2)t]−1
∆ω1+∆ω2
− exp(−i∆ω1t)−1∆ω1
]
,
f8 =
−χg∗f1
∆ω2
[
exp[−i(∆ω1−∆ω2)t]−1
∆ω1−∆ω2 −
exp(−i∆ω1t)
∆ω1
]
− χg
∗f1
∆ω1
[
exp[−i(∆ω1−∆ω2)t]−1
∆ω1−∆ω2 +
exp(i∆ω2t)
∆ω2
]
,
f9 =
−χgf1
∆ω1
[
exp[i(∆ω1+∆ω2)t]−1
∆ω1+∆ω2
− exp(i∆ω2t)−1∆ω2
]
,
f10 = f11 = −f12
= −|χ|
2f1
∆ω2
2
[exp (i∆ω2t)− 1] +
i|χ|2tf1
∆ω2
,
(A.1)
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g1 = exp (−iωbt) ,
g2 =
gg1
∆ω1
[exp (i∆ω1t)− 1] ,
g3 =
χ∗gg1
∆ω2
[
exp[i(∆ω1−∆ω2)t]−1
∆ω1−∆ω2 −
exp(i∆ω1t)−1
∆ω1
]
,
g4 = −g5 =
−|g|2g1
∆ω2
1
[exp (i∆ω1t)− 1] +
i|g|2tg1
∆ω1
,
g6 =
χgg1
∆ω2
[
exp[i(∆ω1+∆ω2)t]−1
∆ω1+∆ω2
− exp(i∆ω1t)−1∆ω1
]
,
(A.2)
h1 = exp (−iωct) ,
h2 =
gh1
∆ω1
[exp (i∆ω1t)− 1] ,
h3 =
χh1
∆ω2
[exp (i∆ω2t)− 1] ,
h4 = −h5 = −
|g|2h1
∆ω2
1
[exp (i∆ω1t)− 1] +
i|g|2th1
∆ω1
,
h6 =
χgh1
∆ω2
[
exp[i(∆ω1+∆ω2)t]−1
∆ω1+∆ω2
− exp(i∆ω1t)∆ω1
]
− χgh1∆ω1
[
exp[i(∆ω1+∆ω2)t]−1
∆ω1+∆ω2
− exp(i∆ω2t)∆ω2
]
,
h7 = −h8 = −
|χ|2h1
∆ω2
2
[exp (i∆ω2t)− 1] +
i|χ|2th1
∆ω2
,
(A.3)
l1 = exp (−iωdt) ,
l2 = −
χ∗l1
∆ω2
[exp (−i∆ω2t)− 1] ,
l3 =
χ∗gl1
∆ω1
[
exp[i(∆ω1−∆ω2)t]−1
∆ω1−∆ω2 +
exp(−i∆ω2t)−1
∆ω2
]
,
l4 =
χ∗g∗l1
∆ω1
[
exp[−i(∆ω1+∆ω2)t]−1
∆ω1+∆ω2
− exp(−i∆ω2t)−1∆ω2
]
,
l5 = l6 =
|χ|2l1
∆ω2
2
[exp (−i∆ω2t)− 1] +
i|χ|2tl1
∆ω2
,
(A.4)
where∆ω1 = (ωb +ωc−
∑k
i=1 ωi) and∆ω2 = (
∑k
i=1 ωi +
ωc − ωd) are detuning in Stokes and anti-Stokes generation
processes. As differential equations of all the pump modes
are similar, here, we have explicitly written the solution for
jth pump mode only.
APPENDIX B: SEN MANDAL SOLUTION OF THE
PROCESS
We know that the evolution of an operator in Heisenberg
picture can be given by
aj(t) = exp(iHt)aj(0) exp(−iHt) (B.1)
which on expansion gives
aj(t) = aj(0) + it[H, aj(0)] + (it)
2[H, [H, aj(0)]]
+ (it)3[H, [H, [H, aj(0)]]] + . . . ,
(B.2)
where (in Sen-Mandal approach) we calculate different com-
mutators until we obtain new terms as functions of annihila-
tion or creation operators of different modes involved in the
process. For instance, to obtain the evolution of an arbitrary
pump mode (aj) we obtain
[H, aj(0)] =
∏k
i=1:i6=j
(
−ωjaj(0) + g
∗a†i (0)b(0)c(0) + χa
†
i (0)c
†(0)d(0)
)
[H, [H, aj(0)]] =
∏k
i=1:i6=j
(
ω2jaj(0) + g
∗ (−ωj + ωi − ωb − ωc) a
†
i (0)b(0)c(0)
+ χ (−ωj + ωi + ωc − ωd) a
†
i (0)c
†(0)d(0)− |g|2
(
aj(0)Alb
†(0)b(0)c†(0)c(0)
− a†i (0)ai(0)aj(0)b(0)b
†(0)− a†i (0)ai(0)aj(0)c
†(0)c(0)
)
− |χ|2
(
aj(0)a
†
i (0)ai(0)d
†(0)d(0) + aj(0)Alc(0)c†(0)d†(0)d(0)− a
†
i (0)ai(0)aj(0)c
†(0)c(0)
)
− χ∗g∗aj(0)Alb(0)c2(0)d†(0)− χgaj(0)Alb†(0)c†2(0)d(0)
)
[H, [H, [H, aj(0)]]] =
∏k
i=1:i6=j
∑k
i,m=1:i6=j 6=m
(
−ω3jaj(0) + g
∗ (ω2j + ω2i + ω2b + ω2c − ωiωj
+ ωjωb + ωjωc + 2ωiωm − 2ωiωb − 2ωiωc + 2ωbωc) a
†
i (0)b(0)c(0)
+ χ
(
ω2j + ω
2
i + ω
2
c + ω
2
d − ωiωj − ωjωc + ωjωd + 2ωiωc
+ 2ωiωm − 2ωiωd − 2ωcωd) a
†
i (0)c
†(0)d(0)
− |g|2 (2ωj + ωi − ωb − ωc)
(
aj(0)Alb
†(0)b(0)c†(0)c(0)
− a†i (0)ai(0)aj(0)b(0)b
†(0)− a†i (0)ai(0)aj(0)c
†(0)c(0)
)
− |χ|2 (−2ωj + ωi + ωc − ωd)
(
aj(0)a
†
i (0)ai(0)d
†(0)d(0)
+ aj(0)Alc(0)c
†(0)d†(0)d(0)− a†i (0)ai(0)aj(0)c
†(0)c(0)
)
− χ∗g∗ (−2ωj + ωi − 2ωb − 3ωc + ωd) aj(0)Alb(0)c2(0)d†(0)
− χg (−2ωj + ωi + ωb + 3ωc − 2ωd) aj(0)Alb
†(0)c†2(0)d(0)
+ χg∗ (−ωb − 2ωc + ωd) a
†
j(0)a
†2
i (0)b(0)d(0)
)
.
(B.3)
It is important to note here that not a single new function of
creation and annihilation operators is obtained in all the com-
mutators after the third term in Eq. (B.2), after neglecting
the terms beyond quadratic powers of g, χ and their complex
conjugates to remain consistent with the perturbative method.
All these different functions of creation and annihilation
17
operators occurring in these commutators may now be used
to write the obtained solution (3) with unknown time depen-
dent coefficients (such as fi). To obtain the functional form
of these unknown coefficients we substitute the obtained so-
lution given in Eq. (3) in Heisenberg’s equations of motion
(2) for various field modes, one can easily obtain the coupled
differential equations for all fi, gi, hi, and li as follows
f˙1 = −iωjf1,
f˙2 = −iωjf2 + ig
∗∏k
i=2
(
f∗1i
)
g1h1,
f˙3 = −iωjf3 + iχ
∏k
i=2
(
f∗1i
)
h∗1l1,
f˙4 = −iωjf4 + ig
∗∏k
i=2:i6=l
(
f∗1if
∗
2l
)
g1h1,
f˙5 = −iωjf5 + ig
∗∏k
i=2
(
f∗1i
)
g1h2,
f˙6 = −iωjf6 + ig
∗∏k
i=2
(
f∗1i
)
g2h1,
f˙7 = −iωjf7 + ig
∗∏k
i=2:i6=l
(
f∗1if
∗
3l
)
g1h1,
f˙8 = −iωjf8 + ig
∗∏k
i=2
(
f∗1i
)
g1h3 + iχ
∏k
i=2
(
f∗1i
)
h∗2l1,
f˙9 = −iωjf9 + iχ
∏k
i=2:i6=l
(
f∗1if
∗
2l
)
h∗1l1,
f˙10 = −iωjf10 + iχ
∏k
i=2
(
f∗1i
)
h∗3l1,
f˙11 = −iωjf11 + iχ
∏k
i=2:i6=l
(
f∗1if
∗
3l
)
h∗1l1,
f˙12 = −iωjf12 + iχ
∏k
i=2
(
f∗1i
)
h∗1l2,
(B.4)
g˙1 = −iωbg1,
g˙2 = −iωbg2 + ig
∏k
i=1 (f1i)h
∗
1,
g˙3 = −iωbg3 + ig
∏k
i=1 (f1i)h
∗
3,
g˙4 = −iωbg4 + ig
∏k
i=1 (f1i)h
∗
2,
g˙5 = −iωbg5 + ig
∏k
i=1:i6=l (f1if2l)h
∗
1,
g˙6 = −iωbg6 + ig
∏k
i=1:i6=l (f1if3l)h
∗
1,
(B.5)
h˙1 = −iωch1,
h˙2 = −iωch2 + ig
∏k
i=1 (f1i) g
∗
1 ,
h˙3 = −iωch3 + iχ
∏k
i=1
(
f∗1i
)
l1,
h˙4 = −iωch4 + ig
∏k
i=1 (f1i) g
∗
2 ,
h˙5 = −iωch5 + ig
∏k
i=1:i6=l (f1if2l) g
∗
1 ,
h˙6 = −iωch6 + ig
∏k
i=1:i6=l (f1if3l) g
∗
1
+ iχ
∑k
i=1:i6=l
(
f∗1if
∗
2l
)
l1,
h˙7 = −iωch7 + iχ
∏k
i=1:i6=l
(
f∗1if
∗
3l
)
l1,
h˙8 = −iωch8 + iχ
∏k
i=1
(
f∗1i
)
l2,
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l˙1 = −iωdl1
l˙2 = −iωdl2 + iχ
∗∏k
i=1 (f1i)h1
l˙3 = −iωdl3 + iχ
∗∏k
i=1 (f1i)h2
l˙4 = −iωdl4 + iχ
∗∏k
i=1:i6=l (f1if2l)h1
l˙5 = −iωdl5 + iχ
∗∏k
i=1:i6=l (f1if3l)h1
l˙6 = −iωdl6 + iχ
∗∏k
i=1 (f1i)h3
(B.7)
The solutions of these differential equations are obtained us-
ing the boundary conditions F1 = 1 and Fi = 0 ∀i 6= 1 with
F = {f, g, h, l} and are listed in Appendix A. The obtained
solution is expected to satisfy the equal time commutation re-
lation (ETCR) as[
aj(t), a
†
j(t)
]
=
∏k
i=1
[
1 +
{
(f∗1 f4 + c.c.)− |f2|
2
}
Al
× b†(0)b(0)c†(0)c(0) + a†i (0)ai(0)
(
b(0)b†(0)
×
{
(f∗1 f5 + c.c.) + |f2|
2
}
+ c†(0)c(0)
×
{
(f∗1 f6 + f
∗
1 f12 + c.c.) + |f2|
2 + |f3|
2
})
+
{
(f∗7 f1 + f
∗
1 f9 − f
∗
2 f3)Alb
†(0)c†2(0)d(0)
+ c.c.}+
({
(f∗1 f11 + c.c.)− |f3|
2
}
Al
× c(0)c†(0) + a†i (0)ai(0)
×
{
(f∗1 f10 + c.c.) + |f3|
2
})
d†(0)d(0)
]
= 1.
(B.8)
Similarly, we can calculate ETCR for all other modes as fol-
lows[
b(t), b†(t)
]
=
∏k
i=1
[
1 +
{
(g∗1g4 + c.c.)− |g2|
2
}
a
†
i (0)ai(0)
+
{
(g∗1g5 + c.c.) + |g2|
2
}
Alc
†(0)c(0)
]
= 1,
(B.9)[
c(t), c†(t)
]
=
∏k
i=1 [1 + {(h
∗
1h4 + h
∗
1h8 + c.c.)
− |h2|
2 + |h3|
2
}
a
†
i (0)ai(0)
+
{
(h∗1h5 + c.c.) + |h2|
2
}
Alb
†(0)b(0)
+
{
(h∗1h7 + c.c.)− |h3|
2
}
Ald
†(0)d(0)
]
= 1,
(B.10)
and[
d(t), d†(t)
]
=
∏k
i=1
[
1 +
{
(l∗1l6 + c.c.) + |l2|
2
}
ai(0)a
†
i (0)
+
{
(l∗1l5 + c.c.) + |l2|
2
}
Alc
†(0)c(0)
]
= 1.
(B.11)
We have also verified that various constants of motion
for this system given in Ref. [17] are satisfied by the
present solution. Specifically, we have checked that C1 =(
a
†
j(t)aj(t) + b
†(t)b(t) + d†(t)d(t)
)
is a constant of motion
[17] for an arbitrary pump mode, i.e.,
C1 = a
†
j(t)aj(t) + b
†(t)b(t) + d†(t)d(t)
=
∏k
i=1
[
a
†
j(0)aj(0) + b
†(0)b(0) + d†(0)d(0)
+
{
(f∗1 f2 + g
∗
2g1) a
†
i (0)b(0)c(0) + c.c.
}
+
{
(f∗1 f3 + l
∗
2l1) a
†
i (0)c
†(0)d(0) + c.c.
}
+ (f∗1 f4 + g
∗
1g5 + c.c.)Alb
†(0)b(0)c†(0)c(0)
+
{
(f∗1 f6 + f
∗
1 f12 + c.c.) + |g2|
2 + |l2|
2
}
× a†i (0)ai(0)c
†(0)c(0)
+ (f∗1 f5 + g
∗
1g4 + c.c.) a
†
i (0)ai(0)b
†(0)b(0)
+
{
(f∗1 f5 + c.c.) + |g2|
2
}
a
†
i (0)ai(0)
+ {(f∗1 f7 + f
∗
9 f1 + g
∗
6g1 + l
∗
4l1)
× Alb(0)c
2(0)d†(0) + c.c.
}
+
{
(f∗1 f8 + g
∗
3g1 + l
∗
3l1) a
†2
i (0)b(0)d(0) + c.c.
}
+ (f∗1 f10 + l
∗
1l6 + c.c.) a
†
i (0)ai(0)d
†(0)d(0)
+ (f∗1 f11 + l
∗
1l5 + c.c.)Alc(0)c
†(0)d†(0)d(0)
]
= a†j(0)aj(0) + b
†(0)b(0) + d†(0)d(0)
= constant.
(B.12)
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Multi-photon pump
hyper-Raman case
Degenerate
hyper-Raman case
[12]
Raman case [15]
g1 g
′
1 g
′′
1
g2 g
′
2 g
′′
2
g3 g
′
5 g
′′
3
g4 g
′
8 g
′′
6
g5 g
′
6, g
′
7 g
′′
5
g6 g
′
3, g
′
4 g
′′
4
h1 h
′
1 h
′′
1
h2 h
′
2 h
′′
2
h3 h
′
3 h
′′
3
h4 h
′
8 h
′′
5
h5 h
′
6, h
′
7 h
′′
6
h6 h
′
4, h
′
5 h
′′
4
h7 h
′
9, h
′
10 h
′′
7
h8 h
′
11 h
′′
8
l1 l
′
1 l
′′
1
l2 l
′
2 l
′′
2
l3 l
′
3 l
′′
3
l4 l
′
4, l
′
5 l
′′
4
l5 l
′
6, l
′
7 l
′′
5
l6 l
′
8 l
′′
6
Table B.I. The relationship among the various functions in the so-
lution obtained here and the existing solutions for Raman and de-
generate hyper-Raman processes for the functions in the evolution of
modes except pump mode. Here, we have used a (two) prime(s) in
the superscript of the functions Fis to distinguish the present solution
from the degenerate hyper-Raman (Raman) process.
Similarly, the present solution satisfies another constant of
motion C2 = a
†
j(t)aj(t) − a
†
r(t)ar(t) for two arbitrary pump
modes, as follows
C2 = a
†
j(t)aj(t)− a
†
r(t)ar(t)
=
∏r
i=1
[
a
†
j(0)aj(0)− a
†
r(0)ar(0)
+
{
(f∗1 f2 − r
∗
1r2) a
†
i (0)b(0)c(0) + c.c.
}
+
{
(f∗1 f3 − r
∗
1r3) a
†
i (0)c
†(0)d(0) + c.c.
}
+
(
|f2|
2 − |r2|
2
)
Alb
†(0)b(0)c†(0)c(0)
+ (f∗1 f5 − r
∗
1r5 + c.c.) a
†
i (0)ai(0)b(0)b
†(0)
+ (f∗1 f6 + f
∗
1 f12 − r
∗
1r6 − r
∗
1r12 + c.c.)
× a†i (0)ai(0)c
†(0)c(0)
+
{
(f∗1 f7 + f
∗
9 f1 − r
∗
3r2)Alb(0)c
2(0)d†(0) + c.c.
}
+
{
(f∗1 f8 − r
∗
1r8) a
†2
i (0)b(0)d(0) + c.c.
}
+ (f∗1 f10 − r
∗
1r10 + c.c.) a
†
i (0)ai(0)d
†(0)d(0)
+
(
|f3|
2 − |r3|
2
)
Alc(0)c
†(0)d†(0)d(0)
]
= a†j(0)aj(0)− a
†
r(0)ar(0)
= constant.
(B.13)
The last constant of motion C3 = c
†(t)c(t) + d†(t)d(t) −
b†(t)b(t) is also verified as follows
C3 = c
†(t)c(t) + d†(t)d(t) − b†(t)b(t)
=
∏k
i=1
[
c†(0)c(0) + d†(0)d(0)− b†(0)b(0)
+
{
(h∗1h2 − g
∗
1g2) ai(0)b
†(0)c†(0) + c.c.
}
+
{
(h∗1h3 + l
∗
2l1) a
†
i (0)c
†(0)d(0) + c.c.
}
+
{
(h∗1h4 + h
∗
1h8 + c.c.)− |g2|
2 + |l2|
2
}
× a†i (0)ai(0)c
†(0)c(0)
+ (h∗1h5 − g
∗
1g5 + c.c.)Alb
†(0)b(0)c†(0)c(0)
+ (h∗1h6 − g
∗
1g6 + l
∗
4l1 + c.c.)Alb
†(0)c†2(0)d(0)
+ (l∗1l9 − h
∗
1h9 + k
∗
5k1 + c.c.) a
†
2(0)a2(0)
× b†(0)c†2(0)d(0) + (h∗1h7 + l
∗
1l5 + c.c.)Al
× c†(0)c(0)d†(0)d(0) +
(
|h2|
2 − |g2|
2
)
a
†
i (0)ai(0)
+
{
(l∗1l6 + c.c.) + |h3|
2
}
ai(0)a
†
i (0)d
†(0)d(0)
+ (h∗2h3 − g
∗
3g1 + l
∗
3l1 + c.c.) a
†2
i (0)b(0)d(0)
]
= c†(0)c(0) + d†(0)d(0)− b†(0)b(0)
= constant.
(B.14)
It is previously mentioned that the present solution is gen-
eral in nature and the solutions reported earlier for degenarate
hyper-Raman process [12] and Raman process [13–16] can
be obtained from the present solution as special cases. In Ta-
bles I and B.I, we have established a one-to-one correspon-
dence between the functions obtained in the present solution
and the same reported in the solutions for Raman and degen-
erate hyper-Raman processes.
